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Abstract

We introducea new stable multiple accessprotocol for broadcastchannels
sharedby multiple stations,which we call the incrementalcollision resolution
multiple accesgICRMA) protocol.ICRMA dynamicallydividesthe channeinto
cyclesof variablelength;eachcycle consistof a contentionperiodanda queue-
transmissiorperiod. The queue-transmissioperiodis a variable-lengthrain of
packetswhich aretransmittedoy stationsthathave beenaddedto the distributed
transmissiormqueueby successfullycompletinga collision-resolutionroundin a
previous contentionperiod. During the contentionperiod, stationswith one or
more packetsto sendcompetefor theright to be addedto the data-transmission
queueusinga deterministictree-splittingalgorithm. A single roundof collision
resolutionis allowedin eachcontentiorperiod. Analytical resultsshav thatcolli-
sionresolutionin ICRMA is muchmoreefficientthanDQRAP'. Simulationand
analyticalresultsshav that ICRMA's throughputis within 5% of the throughput
achievedby theideal channelccesgprotocolbasedon a distributedtransmission
queueandincrementatollision resolution.

I. INTRODUCTION

Many of the mediumaccessontrol (MAC) protocolsfor wirelessLANs pro-
posedto dateare basedon a collision avoidancedialoguebetweensendersand
recevers,e.g.,[1], [2], [4], [6], [9]. A sendersendsa request-to-sen(RTS) to
the recever, who in turn sendsa clearto-send(CTS) if it recevesthe RTS free
of errors;only thencanthe sendettransmita datapacket. Theseprotocolssolve
collisions by backingoff andreschedulingRTS transmissions.As with CSMA
protocols this procedureyields goodresultsif the RTS traffic is low, but is inher
entlyunstable As the RT S transmissiomateincreasegheconstanRTS collisions
cancausethechanneto collapse pringingtheflow of datapacketgo a haltwhen
no new datatransmissiomueuesanbe started.

A way to stabilizethe systemis by increasinghe retransmissiodelays;how-
ever, a more efficient way canbe devisedby using collision resolution. Several
stableMA C protocolshave beenproposedn the pastbasedon tree-splittingal-
gorithmsfor collision resolution(e.g.,[5], [7], [12]). Thoseprotocolsin which
datapacketsare usedto resolvecollisions achiese throughputbelov 0.6 [14].
Several MAC protocolshave beenproposedhat implementcollision resolution
usingeithercontrolpacketghataremuchsmallerthandatapacketspr arebased
ontheability of the transmitterto aborttransmissiorrapidly after detectingcolli-
sion (e.g., [3], [8], [10]). AmongthosestableMAC protocolsthatachieve high
throughput,somebuild a separateueuefor the transmissiorof datapacketsjn
additionto the stackor queueof the control packetaisedfor collision resolution.

We introducethe incrementalcollision resolutionmultiple accesS(ICRMA)
protocolthat operateswith a collision-resolutiorstackfor control packetsanda
distributedqueudfor datapacketsICRMA doesotrequiretimeslottingandmini-
slotsto operatdike prior similar protocolsdid (e.g., TRAMA [10], DQRAP[15],
andthe announcedrrival protocol[13]) and doesnot requirebasestationsable
to understanasimultaneougdransmissionge.g., TRAMA [10]). ICRMA builds
a distributed transmissiorqueuedynamicallyusing a deterministictree-splitting
algorithm. A stationattemptgo join the transmissiomueueduringcontentionin-
tenalsby sendinganRTSto anyintendedecever, who sendsa CTSif thestation
canjoin the queue.RTSsaresentaccordingto a deterministidree-splittingalgo-
rithm thatresolvesall the requestdor the queuethatarrive duringthe samecon-
tentioninterval. Accesgime to thechanneis dividedinto roundsof transmissions
for all membersof the transmissiorgqueue,which we call a queue-transmission
period,followedby shortcontentionperiodsduringwhich stationsattemptto join
thequeue Thequeue-transmissigreriodis a variable-lengttrain of packetdrom
stationsthathave beenaddedto the transmissiorgueueby successfullicomplet-
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ing a collision-resolutiorroundin a previous contentionperiod. A singlestepof
collisionresolution(i.e., a successandidle stepor acollision of control packets)
is allowedin eachcontentionperiod. The control packetausedin eachcontention
periodaremuchsmallerthandatapackets.

Sectionll describesCRMA. For simplicity, we first describd CRMA in detalil
assuminga fully connectechetwork,andthenoutline how to apply ICRMA to
wirelessLANs with hiddenterminals.Sectionlll providesthe averagenumberof
stepsrequiredby a deterministictree-splittingalgorithmto resolver collisions.
We shaw thatthe numberof collision-resolutiorstepsneededn ICRMA is much
smallerthanthe correspondingiumberof stepsneededn DQRAP[15], whichis
oneof thebest-performindA C protocolsbasedn collisionresolutionproposed
to date. We alsoderive new upperboundson the numberof collision-resolution
stepsneededn ICRMA thatareindependenbf the numberof stationsandare
tighter boundsthan thosereportedby Garcesand Garcia-Luna-Acees[8]. Us-
ing thesebounds SectionlV providesa lower boundon the averagethroughput
achievedby ICRMA,; analyticalandsimulationresultsshav thatthethroughputin
ICRMA approachethechannektapacityaspropagatiordelaysandsizeof control
packetsdecreasevith respectto the size of datapackets. The analyticalresults
arevery closeto the resultsobtainedby simulation,which validatesthe approx-
imationsmadein our analysis. SectionV compareghe throughputachiezedin
ICRMA with thatachievedwith anideal channelaccesgrotocolbasedon trans-
missionqueuesandperfectcollision resolutionimplementedusing RTS/CTSex-
changesjn which only m successeare neededto resolvem requestdor the
transmissiorgueue. This analysisshavs that, for a givensize of control packets
anddatapackets)CRMA's throughpuis within 5% of the optimumthroughput.

II. ICRMA
A. Basic Operation

With ICRMA, thechannebccessimeis dividedinto cycleswith eachsuchcy-
cle consistingof a small,dynamically-sizeatontentionperiodanda dynamically-
sizedqueue-transmissigmeriod. Stationsareassumedo monitor the stateof the
channelwhile theyarenot transmittingandknow the currentstateof thechannel.

Thequeue-transmissigueriodconsistof thecollision-freetransmissionfom
thestationswith a positionin thetransmissiomueue Eachstationallocatedo the
transmissiormgueuetransmitsa packetas soonas the packetfrom the previous
stationin the queueis receved. The maximumspacingbetweerpacketds twice
thepropagatiordelay A stationwishingto sendoneor morepacketdasto acquire
apositionin thetransmissiomueuebeforetransmittingits datapackets.

Stationscompeteto reservea positionin the transmissiormqueueduring the
contentionperiodsbetweenqueue-transmissioperiods. Stationsfollow a non-
persisten€CSMA strategyfor the transmissiorof RTSswith which theyrequesto
beaddedto thetransmissiomueue.Thesendeiof anRTS to anintendeddestina-
tion listensto the channefor onemaximumround-triptime plusthetime needed
for thedestinatiorto sendaCTS.If the CTSis notcorruptecandis recevedwithin
thetime limit, the stationis addedo thetransmissiomueue startingwith thenext
queue-transmissiqueriod.

Thetransmissiomueuecanbeallocateda maximumsizeto providedelayguar
anteesOncethetransmissiomueuereachests maximumlength,stationsare not
allowedto requesto beaddedo thequeue until atleastonemembeiof thequeue
endstransmittingits packetsaandleavesthe queue.

Althougheachstationtransmitsan RTS only whenit determineshatthe chan-
nelis free during a predefinecamountof time in the contentionperiod, collisions
of RTSsmay still occurdueto propagatiordelays. RTSsarevulnerableto col-
lisions for time periodsequalto the propagatiordelaysbetweenthe sendersof
RTSs. ICRMA usesa deterministictree-splittingalgorithmto resolvecollisions
of RTSs. A singlestepof this algorithmis takenduring eachcontentionperiod;
astepin a contentionperiodcanbe anidle period,an RTS collision period,or a
successfuRTS/CTSexchangeall of which are much shorterthana single data
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packet.

Oncethe collision-resolutionalgorithmsis startedby the collision of RTSs
from a setof stations,other stationswho want to be addedto the transmission
queuemustwait for all the stationswho startedthe currentroundof the collision
resolutionalgorithmto be addedto the transmissiorqueuethrougha successful
RTS/CTSexchangetheyknow whenthis occursby meanof astackthatis main-
taineddistributedly, whichis describedsubsequentlyWe assume non-persistent
policy in which stationswho are not in the transmissiorgqueueand are not in-
volvedin acollision-resolutiorroundmustbackof for arandomperiodof time if
theyrecevelocal packetdo sendandneedto be addedo thetransmissiomueue.

Basedon its knowledgeof the stateof the transmissiormqueueandthe current
stepof thecollision-resolutioralgorithmusedo addstationdo thequeueastation
canbein oneof thefollowing states:

« XMIT: thestationis partof thetransmissiomueue.

« RTS:thestationis trying to acquirea positionin thetransmissiomueueand

is participatingin the collision-resolutioralgorithm.

+« BACKOFF:the stationis waiting for a backof time to completeasa result

of recevving local packetgo sendoutsideanaccesgeriod.

+« REMOTE: thestationis not partof thetransmissiomueueandknowsthata

setof collisionsof requestdor the queuearestill beingresolved.

« PASSIVE: the stationis not part of the transmissiomqueue,hasno local

packetsto send,and knows that no prior requestdor the queueare being
resolved.

B. Information Maintained and Exchanged

Eachstationis assigneda uniqueidentifier, knows the maximumnumberof
stationsallowedin thenetworkandthemaximumpropagatiordelay andmaintains
astackandtwo variable LowID and H<ID).

LowlID isinitially setto 1 anddenoteghelowestID numberthatis allowedto
sendanRTS. HiID isthehighestD numberthatis allowedto sendanRTSandis
initially setto thelargestnumberof stationsallowedin the network. LowI D and
H+ID constitutethe allowed ID-numberinterval thatcansendRTSs. If the ID
of the stationis notwithin thisinterval or the stationhasalreadybeenassignedo
the datatransmissiorgueuejt cannotsendits RTS. The stackis simply a storage
mechanisnfor ID-intervalsthatarewaiting for permissiorto sendanRTS.

Eachstationalsomaintainsthe stateof the transmissiorqueue,i.e., it knows
themembersn thetransmissiomueuetheir positionin the queue andthe begin-
ning of eachqueue-transmissioperiod. RTSsand CTSsspecifythe IDs of the
senderandtheintendedecever, aswell astheallowed|D-numberinterval known
to thesendingstation. Includingtheallowed D interval in control packetsallows
listening stationsto be updatedon the stateof the collision resolution. A data
packetcontains: (a) the userdataand destinationof the packet;(b) the allowed
ID-numberinterval known to the sendingstation;(c) the stateof the transmission
queue suchasthe numberof stationsn the queueandthe positionof the sending
stationin the queue;and(d) the stateof the transmissiorfor the sendingstation,
suchasthelengthof thecurrentpacketwhetherthestationis leaving thetransmis-
sionqueueandthelengthof thenext packeif variablelengthpacketsareallowed.
Thisinformationupdatedisteningstationsquickly onthe stateof the channel.

C. Adding Membersto the Transmission Queue

Stationscanrequestto be addedto the transmissiorgqueueonly during con-
tentionperiods.If the maximumlengthof the transmission-queus reachedthe
contentionstepsareskipped,until spacds madeavailableby oneor multiple sta-
tions leaving the queue. Stationsare allowed to sendRTSsto be addedto the
transmissiorgueueonly duringthefirst few second®f a contentionperiod. This
time periodis calledthe access period andis usedin orderto avoid collisionsof
RTSswith the beginningof the transmissiomueue.For the purpose®f analysis,
we assumesubsequentlyhatthe accesperiodlastsT secondsbut it is a config-
urableparameterA contentionperiod consistsof a singlestepof a deterministic
tree-splittingalgorithmbasedon the allowed ID interval, which we describesub-
sequently

If aPASSIVE stationreceiveslocal packetgo sendduringanaccesgeriod(the
first  second®f a contentiorperiod),it first listensto the channelIf thechannel
is clear(i.e., no carrieris detected)the stationentersthe RTS stateby sendingan
RTS. Thesendethenwaitsandlistensto thechannefor onemaximumround-trip
time plusthetime neededor the destinatiorto senda CTS. Whenthe originator
recevesthe CTS from the destinationjt is addedto the datatransmissiorgueue
andentersthe XMIT state;the stationcan startsendingcollision-freepacketsn
thefollowing queue-transmissigeriod.

Ontheotherhand,if a PASSIVE stationobtainslocal packetgo sendoutside
anaccesperiod,or recevesthepacketwithin anaccesperiodbut detectcarrier,
it entersthe BACKOFF state. The stationthencomputesa randombackof time
andattemptdo enterthe datatransmissiorgueueafterthattime.

If the senderof an RTS doesnot receve the correspondingCTS within the
allocatedime, this stationandall otherstationsin thenetworkassumehatacolli-
sionhasoccurred.Thecollision-resolutioralgorithmis startedwith thefirst round
of RTS collisions. As soonasa collision is detectedevery stationdividesthe
ID-interval (LowID, H:ID) into two ID-intervals. Thefirst ID-interval, which
wewill call the backof interval, is (LowID, [ 124 LowIDY _ 1) while the

secondD-interval, the allowed ID intenal, is ([ £L2tLowIP ] Fri1 D). Each
stationin thesystenupdatesdts stackby executinga PUSH-stacikcommandwhere
thekey beingpusheds thebackof interval. After thisis done the stationupdates
LowlID and H:ID with thevaluesfrom theallowedID interval andthe queue-
transmissiorperiodfollows. This procedurds repeatedeachtime a collision is

detected.

Hence a stationknowsif collisionsarecurrentlybeingresolvedvhenits local
stackis notemptyandtheallowedID interval doesnotequaltheentirelD interval.
A PASSIVE stationthatdetectsa collision of RTSsgoesto the REMOTE state A
stationin REMOTE stategoesto PASSIVE stateassoonasit detectghatits local
stackis emptyandtheallowedID intervalis empty If astationisin REMOTE state
andobtainsone or more packetsto send,it goesimmediatelyto the BACKOFF
state.

Only thosestationsthat arein the RTS stateparticipatein the currentround
of the collision-resolutionalgorithmto be addedto the transmissiormueue. All
stationdn theallowedID-interval thatarein the RTS statetransmitan RTS in the
nextcontentiorperiod. Stationsoutsideof thetransmissiomueuehatdid not start
the currentroundof collision resolutionareforcedinto REMOTE or BACKOFF
state.

Eachstepof the collision-resolutionalgorithm, and consequentlyeachcon-
tentionperiod,canbe oneof thefollowing threecases:

« Casel-dle: Thereis no stationin the RTS statewhoselD is within the
allowed|D interval. Thereforethe channemustremainidle onecollision-
resolutionstepandno newv memberis assignedo the transmissiorqueue.
An idle stepof collision resolutionlastsa maximumround-triptime; after
thattime, the stackandthevariablesl.owID and H:1D areupdatedpeach
stationexecutes POP-stackkcommand.This new ID-interval now becomes
thenew H:ID andLowlID.

« Case2-Success: Thereis a single stationwith an RTS to sendwhoselD
lies within the allowed ID interval. In this case a singlestationis ableto
completean RTS/CTShandshaksuccessfullyentersthe XMIT state,and
is addedto the transmissiorqueue. The durationof a successfutollision-
resolutionsteplaststwo RTS lengthsandtwo channelpropagatiordelays;
afterthattime, the stackandthevariablesl.ow D andH:I D areupdated;
eachstationexecutesa POP-stackcommand. This new ID-interval now
becomeshenew H:ID andLowlID.

« Case3-Collision: Therearetwo or morestationswith RTSsto sendwhose
IDs arewithin theallowed|D interval; therefore gachsuchstationsendsan
RTS creatinga collision. Becausestationsusecarriersensing,a collision
periodcanlastno morethanan RTS plus a maximumround-triptime. The
stationdn the allowed ID-interval areagainsplit into two new ID-intervals;
the stackandthe variablesfor eachstationare updated PUSH-stackcom-
mand).

The tree-splittingalgorithm executesa collision resolution(idle, successpr
collision), until no stationremainsn the RTS stateandall requestgor the queue
have beenresolved. Again, all stationsknow whenthe tree-splittingalgorithm
terminatedts currentround,i.e., whenthe backof stackis emptyandthereare
novaluesin theallowedID interval. Onceterminationis detectedtheallowed D
interval is updatedo includeall theID range.

To ensurefairnesswithin the splitting algorithm, the position of the stations
in the tree (which is equivalentto changingthe ID number)canvary after each
tree-contentiorperiod. For example,the ID numbersof the stationscanrotate
cyclically. Eachstationincreasests ID numberby oneandthe last stationtakes
thelD numberof the previousfirst station.

D. Deleting Members fromthe Transmission Queue

Deletionsfrom thetransmissiomueueoccurswhenastationin the XMIT state
endstransmittinga packettrain andgetsout of the queueto remainquiet. In this
casea datapacketotifiesthe stationswhenthe sendingstationis sendingits last
packetbeforeleaving the queue.

Deletionsfrom the transmissiorgueuecanalsooccurdueto failures. Failures
canbehandledby listeningto thechannel A maximuminterval allowedbetween
two consecutre packetsn the queuecanbedefinedbasednthe maximumprop-
agationdelayandprocessinglelays.Becausestationsareatmostr secondsapart
from oneanothey two consecutie packetsin the queuecannotbe separatedy
morethan2r second$lus processinglelays(includingthe turn aroundtimesof
theradios),which we call maximum queue transmission gap andassumaét lasts¢
seconds.



A stationin thequeuamusttransmitwhenits turncomessothatits transmission
reachetherstationswithin ¢ secondf the previous transmission A “silence
turn” could occurin the transmissiorgueueif a stationis notreadyto transmita
datapacketwhenits turn comesbut is not readyto leave the queue.Ratherthan
allowing silenceturnsto takeplace,|CRMA requiresa stationto transmiteithera
datapacketor ashortcontrolpacketwhenits turn comesn thequeue Thecontrol
packetcarriesno userdataandis simply usedto corvey anupdateof the stateof
the queueandthe collisionresolutionprocess.

E. Example

Thefollowing exampleillustratesthe way in which stationsareaddedto the
transmissiorqueue.If n is thetotal numberof stationsin the system the binary
treeusedfor collision resolutionhas2n + 1 nodes.We labeltheroot of thetree
asn, andits right andleft child asn; andng, respectiely. Foreachof theother
nodesthelabelsarecomposedaf theparentabel,plusa0 if it is aleft childora1
if it is aright child. Considerthe caseof a networkwith four stationsandassume
that,attime ¢y, stationn; is theonly stationassignedo the queue-transmission
periodwith five datapacketgo transmitandthelastcyclehasendedandwe areat
thebeginningof a new cycle, thatis, in thecontentionperiod.

During the accesgeriod, packetsarrive at stationsng; andngg. At time ¢,
a collision of RTSsoccurswith stationrngg andng; eachsendinganRTS in the
samecontentionperiod, while stationrn;o andstationn;; do not requesto be
addedo thedatatransmissiomueueStep2 in Fig. 1). Stationn,; doesnotneed
to sendarequestbecausd is alreadyassignedo thedatatransmissiomueueand
all otherstationsknow thatit still hasfive datapacketgto transmit. Let station
no1 havethreedatapacketgo sendwhile stationngo hasonly onedatapacketto
transmit. At time ¢ thefirst collision of RTSsoccurs,all stationsin the system
noticethe beginningof the resolutionalgorithm,aswell asthe beginningof the
contentionperiod. All stationsupdatetheir stacksandtheir LowID aswell as
their H:I D values. After at mostan RTS plus a maximumround-triptime has
elapsedthefirst queue-transmissigperiod beginswith stationn; transmitting
a packet. The durationis the size of the length of the packetplus the channel
delay In the nextcontentionperiodstationsngo andng; backof andwait until
thecollisionsin theallowed-ID interval areresolvedStep3 in Fig. 1). Theyboth
are excludedfrom sendingRTSs. Stationsn;o andn;; areallowed to request
thechannelanidle contentiorperiodoccursbecausstationse;; andnio donot
wish to be addedto the datatransmissiomueue. After 27 secondsall stations
notice that the channelis idle, which meansthat therewere no collisions. All
the stationsin the systemmustupdatetheir intervals andthe stack. They execute
a POP-staclcommandandthe new allowed interval is (00, 01); therefore after
n11 transmitsaanothempacketthenextallowed D interval canproceedo solveits
RTS collisions. Both stationsngg andng; transmitan RTS controlpacketanda
collisionoccursagain(Step4in Fig. 1). Becausecollision occurredafteratmost
anRTS plusamaximumround-triptime haselapsedheallowedID intervalis split
in two. Onceagainthe stepin the contentionis followed by a queue-transmission
period. Stationn; is still in the groupandhastwo morepacketgo send.In the
nextcontentionstep(Step5 in Fig. 1), stationng; is within the allowed interval
while the ngo stationmustwait; its interval is the top of the stack. Sincethe
nextintenval hasonly one stationsendingan RTS, stationng; is assignedo the
datatransmissiorgueueafter an RTS, a CTS plus a maximumround-triptime.
DuringthesuccessfuRTS/CTSexchangeall otherstationsknow thatstationng;
hasthreepacketsto send. The contentionstependsandstationny; beginsthe
transmissiorof its datapackeimmediatelyafterit hasreadthe packetransmitted
by the precedinggroup membey which is stationn,;. After two datapackets
plusa maximumround-triptime haselapsedstationrn;; hasonedatapacketeft
while stationng; hastwo packets.The nextcontentionstepis alsoa successful
RTS/CTSexchangéStep6 in Fig. 1); afteranRTS,a CTSplusamaximumround-
trip time, stationngg is addedo the groupandtheallowedinterval aswell asthe
stackareempty Theterminationof thetree-splittingalgorithmis reachedvhenthe
backof stackaswell asthe allowed ID interval is empty The datatransmission
queuecontainsa packetfrom stationsngg, no1 andnq;. After thelast group-
transmissiorperiodstationsngo andni; aredonesendingpacketsandfreethe
spacewithin the group. If new packetsarrived at one of thesestationsthey will
have to requesta spacein the group. Let us assumehat that after termination
of the tree-resolutiorperiodno new datapacketsarrive duringthe accesgeriod,
thereforethechanneremainddle for two channebelays.During thenextqueue-
transmissiomeriod,stationng; sendghelastpacket.Stationng; is removedand
thedatatransmissiomueuds empty Thechannefremaingdle until anew packet
arrives. TheallowedID intenval is (rnoo 211 ) andthe backupstackis empty

F. Handling Hidden Terminals

Handlinghiddenterminalsin ICRMA is moredifficult thanin otherMAC pro-
tocolsbasedon collision avoidancebecausall stationswhosetransmissionsan
impact one anothermust agreeon the samestateof the channeland the trans-

missionqueue ratherthanjust agreeingon allowing a given sendetto transmita
packetwithoutinterference.

Fullmer and Garcia-Luna-Acees[6] have demonstrateduficient conditions
for MAC protocolshasetn RTS/CTSexchanget eliminateunwantedtollisions
dueto hiddenterminals. For the caseof MAC protocolsthatusecarriersensing,
a CTSmustbelongerthanthelengthof anRTS, plusa maximumround-triptime
andprocessinglelays(including radio turn-aroundimes). The net effect of the
CTSlengthsuggestedh [6] is thatof a single-channelrecever-basedousytone
thatforceshiddensourcego backoff aftertheyareforcedto listento at leastpart
of theCTSsentby areceverthathasacceptedhe RTS from agivensenderNote,
however, thata CTS canbe only partially overheardby a stationafterit sends
afailed RTS, andthereforeit cannotbe usedto corvey queueand channelstate
informationto sendersiiddenfrom oneanother

Considerthe caseof awirelesslocal areanetwork(WLAN) in which stations
aretrying to communicatevith oneanotherovera singlehop, or througha base
station.In this case eachsendeis in line of sightof theintendedecever (another
stationor the basestation)andall stationsshouldagreeon the samestateof a
singletransmissiomueueand the samestateof the channel. We call this casea
simpleWLAN.

For ICRMA to work correctlyin a simple WLAN, the basestationis the one
thatshouldsendthe CTSsin oderfor all hiddensenderso hearthatatransmission
requesthasbeengranted. Furthermoreto notify the correctstateof the queue,
thebasestationmustalsosenda second:ontrolpacketwhich we call thechannel
and queue state packet(CQS)immediatelyafterit sendsa CTS. The CQS has
no lengthrestrictionsrelative to an RTS and containsall the informationon the
stateof the queueandchannebspercevedby therecever. Theminimumchannel
informationneededn a CQS consistsof the ID of the senderof the successful
RTS.

I11. AVERAGE NUMBER OF COLLISION RESOLUTION STEPS

In thissectionwe presentipperbounddor theaveragenumbetrof stepseeded
for acollision resolutionalgorithmbasedn deterministicree-splittingalgorithm
to resolver collisionsin a networkof » stations,eachhaving a uniquelD. We
assumethat: (a) every stationcanlisten to every other station; (b) the channel
introduceso errors,sopacketcollisionsarethe only sourceof errors;(c) stations
detectsuchcollisionsperfectly;(d) two or moretransmissionshatoverlapin time
in the channemustall bere-transmitted(e) a packetpropagateso all stationsn
exactlyr second$11]; and(f) nofailuresoccur

Becauseachstationis assignedneor zeroRTS atanygiventime, stationsin
thenetworkareassigne@n“RTS” or an“idle,” dependingn whetheror notthey
haveanRTSto send.

As we have describedthereareonly threetypesof collision-resolutiorsteps:
idle, successopr collision. Z(n,m) denotesthe averagenumberof idle steps,
C(n, m) denotegheaveragenumberof collision stepsandS(n, m) = m is the
numberof successfustepsof the collision-resolutioralgorithmneededo resolve
m collisionsin anetworkof » stations.

Garcesand Garcia-Luna-Acees[8] obtainedthe following recursve equa-
tionsfor theseaverageswhich areobtainedby consideringall possiblecollision-
resolutiontreesresultingfrom allocatingm RTSsovern stations:

v a (8

Z(n,m) = Ewtzm,m—mzw,m
(e (2

C(n,m) = EL‘)() [C(a,m—i)+T(p,i) +1]

i=p

[n/2]; B=n—a=n—-[n/2]

_ 0 ifm < «
ko= m— o ifm>a
_ m iftm < g
vo= {,@ ifm > g @

We cannow comparetheaveragenumberof collision-resolutiorstepsrequired
in ICRMA with thestepsrequiredn DQRAP [15], whichis acompetitve protocol
basedbn collision resolution. For this comparisonwe assumeén ICRMA a cost
of onestepper collision resolutionstepregardlessf the stepwasa collision, a
successr anidle step. Thetotal numberof stationsfor bothprotocolsis n = 20;
therefore the maximumnumberof stationghatcancollideis m = n = 20. The
averagenumberof stepsneededn DQRAPwascalculatedusingthe equationfor
collisionresolutioninterval (CRI) length L(m, s) providedin [15] andshovnin
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Fig. 1. Treestructurefor anexamplewith n = 4 stationsandm = 2 stationsstationng; andngg, requestingo beadmittedinto the datatransmissiorgqueue.Station

n1 IS alreadyin thequeue.

Eq. (2) whichis a function of the numberof stationcolliding in the previousCRI
(m) andthe numberof mini-slotsperCRI calleds:

1+E

Becauseéhenumberof mini-slotsperCRI is s, thetotalnumberof stepmeeded
in DQRAPto solver collisionsis equalto thenumberof mini-slotsperCRI times
L(m, s). Fig. 2 shavsthetotal numberof stepseededo resolver collisionsfor
bothDQRAPandICRMA, whenn = 20. DQRAPwascalculatedusingdifferent
numberof mini-slotsper CRI. Thefigureillustratesthatif the samemechanisnis
usedin ICRMA andDQRAPto detectcollisions,the collision resolutionusedin
ICRMA rendersa higherthroughputhanDQRAP does.

(s —1)

L(m,s) = L(k,s) 2

gm—1 _
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Fig. 2. Total numberof collision resolutionstepsfor DQRAP for differentmini-
slots,s=2,4,8,1@Gndthe collisionresolutionalgorithmusedin ICRMA.

The following two theoremsprovide upperboundson the averagenumberof
idle andcollision stepseededwhichareindependentf the numberof stationsin
thenetwork. The Appendixcontainghe proof of thesebounds.

Theorem1: Foralln > m > 1, wheren is thetotalnumberof stationsin the
networkandm is thenumberof stationscompetingor aspacen thetransmission
queuethe averagenumberof idle stepsis boundedby Z(n, m) < 0.443m.

Theorem2: Foralln > m > 1, wheren is thetotalnumberof stationsin the
networkandm is thenumberof stationscompetingor aspacen thetransmission

queuetheaveragenumberof collision stepds boundedJyE(n, m) < 1.443m —
1.

It follows from thesetwo theoremsandthefactthatm successeareneededo
resolvern requestdor the transmissiorgueuethat the total numberof collision-
resolution steps neededto resolvem RTS collisions is smaller or equal to
2.886m — 1 steps. This clearly indicatesthat the type of collision resolution
usedin ICRMA is very efficient. Furthermoretheseboundsareindependenof
the numberof stationsin the network,which we useto providean approximate
throughputanalysis.

1V. THROUGHPUT ANALYSIS

Theanalysisin this sectionusesthe sametraffic modelusedby Kleinrock and
Tobagi[11] to analyzeCSMA protocols.It is assumedhatthereis large number
of stations,eachforming a Poissorsourceof RTSs(both new andretransmitted).
The aggregataneangeneratiorrate of RTSs by all stationsis A RTSs per unit
time. Eachstationhasat mostone RTS to transmitat any giventime. With this
model,the averagenumberof RTS arrivalsin atime interval 7 is Ar,i.e.,m =
Ar. All datapacketshave a durationof § secondsand the time to transmita
control packetis v seconds.Both v andé are multiplesof =. The numberof
packetdn amessagés arandomvariable,andthe probability thata messagevill
completeits transmissior{in a givencycle)is givenby g = % whereN is the
averagenumberof packetsn amessageWe alsoassumehatthetimeto transition
betweertransmitandreceve stateds negligible.

The probability P, thata contentionperiodis idle is equalto the probability
thatno packetsarrive duringtheaccesgeriodr, which equalsP, = e=*7.

Forastationto beaddedo thedatatransmissiomueuetheRTS/CTSexchange
mustbesuccessfulwhichimpliesthatthe RTS mustbetheonly onein thechannel
duringits accesperiodandthe datatransmissiorqueuemustnot befull. If there
arealreadyh groupmembersno nev membercanbe addedandthe contention
would be skipped(no stationsendsan RTS), until a spacein the datatransmis-
sionqueuses available. Thereforethe probability P, thata stationsendsanRTS
successfullyequalsthe probability thatonly one RTS packetarrivesduringthe =
second®f theaccesperiod thatis, P, = Are™ 7.

Theprobability P. thata contentiorperiodresultsin anRTS collisionis thesame
astheprobabilitythatmorethanonemessagearrivesduringanaccesgeriod. This

valuecanbeexpressedsP. =1 — P, — P, = 1 — Are—?7 — e~*7. Making

useof the upperboundsin Theoremsl and2, the probability thatan RTS/CTS
exchangés successfuhfterthe tree- spllttlngalgorlthm hasbeenstartedcan be
approximatedy Po X sgze0—1 = 5 886M_1 ~ 7, Wherem > 2. Itisclear
that P, shouldbe a function of both the numberof statlonsthat starta round of

thetree-splittingalgorithm,andthe numberof collision-resolutiorstepsthathave
occuredup to the successfuktep. Using an averageoverall stepsin a round of

collision-resolutioris anapproximatiorwe useto simplify our analysis.

The statesof the queue-transmissioperiod canbe representedby a Markov
chain.Thestatesn theMarkovchainrepresentheprobabilityIl,, thatk members
arein the datatransmissiomjueue. A transitionin the chain occurswith each
collision-resolutiorstep. The numberof membersn the datatransmissiomqueue




canonly increaseby one,but candecreasy upto k. Thisis becausatmostone
new membercanbe addedto the datatransmissiorqueueper collision-resolution
step,butanynumberof memberganbereleasedromthedatatransmissiomueue
per step. Fig. 3 shavs an examplefor a network that allows at mosth = 4

stationsto be membersof the group-transmissioperiod. Transitionsfrom one
stateto the otherhave beenadequatelyabeled,whereW = P, + P.P, and
V =P, + P(1 - P,).

Fig. 3. Markov Chaindefiningthe transitionsfrom onestateto the others. The
given exampleis for a networkthat allows, up to four membersn the data
transmissiomueue Only a subsebdf thetransitionprobabilitiesareshovn

We cangeneralizeour exampleanddefinek asthe maximumnumberof mem-
bersin the datatransmissiorgueueallowed by the network. If we draw a line
betweeranytwo consecutre statef the Markov chain,thentheflow of thetran-
sitionsgoing in one directionhasto be equalto the flow in the otherdirection.
Therefore,for any cut within the Markov chain excludingthe first andthe last
statej.e.,for1 <k < h—2,

h—k—1 k+i

MmWi-gf = W Z Mot Z (1 — )"+ 7 4
j=i41
h—k—1 k4i
v Z Myeys qu(l -t 4
i=1 j=i
h h
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j=h—k+1 j=h—k
(©)
If we divide bothsidesby W (1 — q)*, theresultis
h—k—1 k+i k+i
11 = 1§ P
c= | Y et w e )
i=1 j=it1

h

qj 4 qj
(X e Y ) @

J=h—k+1 j=h—k

Forthecutbetweerk = 0 andk = 1 theflow equations

h
Z IL;¢° (5)
j=1

Forthecutbetweent = h — 1 andk = h theflow equationchangessincethe
networkcannothold morethans membersn the datatransmissiorgqueue.There
is no stateto which to increaseafterIl;, hasbeenreachedin fact

h . h

_ v o qj
R CO Mo Breere) B

j=1 j=2

Eqgs.(4), (5)and (6), togetherwith the fact thatthe sumof all probabilities

h_ I1; = 1, form a systemwith ~ + 1 equationswith the samenumberof
unknawn variables. Startingwith T1;,_; we canmakeeachof the equationdea
functionof I1;,. To solvefor IT;,, we cansubstituteeachof theseermsin theequa-

tion E:;O IT; = 1. UsingIl;, we cangetavaluefor eachof theremainingprob-
abilities. Tl is the probabilitythatthereareno membersn the datatransmission
queue,while T, is the probability that the datatransmissiorqueuehasreached
full capacity IT;, isimportantsinceit representthefractionof skippedcontention
periods.Transitionsdepartingfrom andreturningto the samestateareomittedin
theflow equationssincewhatcomesinto the stateis the sameaswhatgoesout of

thestate.Thus,theaveragenumberof groupmemberss p = E?:l <115,
Theaveragechannethroughpuis equalto

U
S=— )
Be+ By +1

wherel/ is theaverageutilizationtime of thechannelduringwhichthechanneis
beingusedto transmitdatapackets;B. is theexpectediurationof the contention
period; By is the expecteddurationof the queue-transmissioperiod; and I is
the averageidle period,i.e., the averageinterval betweentwo consecutie busy
periods.

Becauselatapacketsaresendfreeof collisions, U equalson theaveragenum-
berof membersn thedatatransmissiomueug(p) timesé, whichis thetime spent
sendinga datapacketthatis,

T = ps ®

A contentiorperiodis skippedif the datatransmissiomueuss full; otherwise,
if thereis roomin the queuewhich is the casewith probability 1 — TI,,, a con-
tentionperiodcanbeidle, successfulor have RTS collisions. The durationof an
idle contentionperiodis T; = 2, the durationof a successfullyRTS/CTSex-
changeperiodis Ts = 2+ 4 27, andthedurationcollisionperiodis Ty < -+ 27.
Therefore,the durationof the contentionperiodis at most2~y + 27 whenit is
notidle. Accordingly, the averagedurationof a contentionbusy period canbe
boundedy

B. < [27P, + T(Pr 4 P.)](1 — 11y) 9)

Theaveragegueue-transmissigueriodis equalto theaveragenumberof group
membergp) timesthetransmissiomperiodfor onepacket(s + 7); therefore,

mtu|
I

p-(6+7) (10)

If thedatatransmissiomueuds empty thelengthof theidle periodis givenby
thenextRTSarrival into thechanneplusawaitingperiodof 2. In contrastwhen
the datatransmissiorgueueis not empty the lengthof the idle periodis limited
by thestartof thenexttransmissiomperiod,whichis 27 secondsAccordingly, we
obtain

1 =

T (% + 27’) + (1 —TIp)27 = %HD + 27 (11)

Substitutingeqs.(8), (9), (10),and(11) into Eq.(7) theaveragethroughputan
beboundedas:

52 ad =
29(1 = Ma)(1 —e 7))+ 7(4 = 2In) + p(d + 7) + F*

The performancecomparisoris donefor bothlow speednetwork (9600 bps)
andhigh speechetwork(1 Mbps)with smalldatapacketf 53 bytes(asin ATM
cells)andlongerdatapacketsof 400 bytes. We assumehe spacingbetweersta-
tions to be the sameand definethe diameterof the networkto be 16.090 Km.,
whichis 10 miles. Assumingtheseparameterghepropagatiordelayof thechan-
nelis 54us. To accommodatéhe useof IP addressefor destinatiorandsource,
the minimum size of RTSsand CTSsis 20 bytes. We normalizethe throughput
resultby settingr = 1 anddefiningthefollowing variables



§
— (normalizeddatapackets)
T

X (normalizedcontrol packets)
-

A - 7(normalizedofferedload) (23)

If we substitutehe new normalizedvariablefrom Eq. (13)into thethroughput
Eqgs.(12), we obtain

ap

S > (14)
T (-1 -G m o
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Fig. 4. Approximatethroughputtomparisorfor ICRMA. The maximumnumber
of groupmemberds h = 32 andtheaveragenumberof packetsn amessage
isN = 10.

Fig. 4 shavsthethroughpuwersusfferedloadgivenby Eq. (14). We consider
alow-speechetworkat9600 bps,aswell asahigh-speecdetworkat 1 Mbpsusing
smalldatapackety§ = 53 bytes)andlarge datapacketq§ = 400 bytes). The
throughputs for eachof the four combinations As the averagenumberof mem-
bersin the datatransmissiorqueueincreasesiueto increasesn the offeredload,
the throughputof ICRMA reachesa constantthroughputvalue that, approaches
the channelcapacityastherelative overheadlueto propagatiordelaysandcon-
trol packetsaapproaches. By takingthelimit asA — oo, we obtain

. hé
Iim § > _
Ao = 21+ h(d4+7)

which clearly shovs thatICRMA's overheads very smallat high load. To verify

that the value of S approximatedusing the upperboundson averagestepsfor

collision resolutiontimes providesa good lower boundfor any traffic load, we

simulatedlCRMA using128 stationsthat generateRTSsaccordingto a Poisson
probability distribution function. The maximumnumberof membersallowed in

thedatatransmissiorgueueh wassetto 32 andthe averagenumberof packetdn

amessagavassetto N = 10. Thesimulationsveredonetentimesfor eachgiven
m = 7 valueto insurecorvergence Theresultsof the simulationareshownn in

Figure4 andindicatethatour analysisprovidesa very goodlower of the average
throughput.

V. COMPARISON WITH AN OPTIMUM TRANSMISSION QUEUE PROTOCOL

An optimum MAC protocol basedon a distributed transmissionqueueand
RTS/CTShandshakefor additionsto the transmissiorgueuewould requireex-
actly m successfuRTS/CTShandshaketo resolvern requestdor additionsto
thetransmissiomueue.In this sectionwe obtainthe averagethroughpuffor such
anoptimumMA C protocolusingthemodelandresultsderivedin the previoussec-
tion andshaw thatiICRMA is indeedvery closeto the bestpossibleperformance.

In termsof our analysisin the previous section,the probability P, thatan
RTS/CTSexchanges successfuin the contentionperiodwhenspacds available
in thetransmissiomueues always1. Thereforethe parameter$V andV for the

Markovchain(seeFig. 3) becoméV = P, + P. andV = P,. All otherparame-
tersin the Markov chainremainthe same If therearemultiple stationswith RTSs
atthebeginningof theroundof collisionresolutionjt is assumedhattheprotocol
organizeghe transmissiorof RTSsin a way that successs ensurecht eachstep.
Accordingly, the collision-resolutiorstepsfor theoptimumMA C protocolconsist
of successfuRTS/CTSexchangesnly andthe averagecontentionbusy periodin
Eq.(9) canberewrittenas:

B. = [27P. +T,(P, + P.)] (1 - TI,) (15)

Therestof the variablesin Eq. (7) remainunchanged.SubstitutingEgs. (8),
(15),(10),and(11)into Eq. (7) the averagenormalizeathroughpufor the perfect
protocolcanbewritten as:

ap

Sy = o (16)
2b(1 —Tp)(1 —e=C)+4—-2IIh + (a+ 1)p+ F
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Fig.5. Throughputachievedin ICRMA with thatachiezedwith anideal channel
accesgprotocolbasedn transmissiomgueuesnda perfectcollisionresolution
asfunction of the offer load G. The maximumnumberof groupmemberds
h = 32 andtheaveragenumberof packetsn amessagées N = 10.

Noticethatthethroughputquationsarethe samewith theexceptiorthataver
agenumberof membersn thetransmissiorqueue(p) aswell asIl;, andIl, are
differentandaredeterminedy the Markov chain. The averagenumberof mem-
bersin the transmissiorqueue(p) increasesnuchfasterin caseof the optimum
transmission-queygrotocol.

Eq. (16) is an exactvalueof the throughput,not an approximationas for the
caseof ICRMA, becauseve have usedexactvaluesfor P, andthe durationof
the busy period. Fig. 5 shavs the ratio of the lower boundof ICRMA's average
throughputgivenby Eqg. (14) to the averagethroughputobtainedby the optimum
queueprotocolgivenby Eg. (16) asthe offeredload G varies. It is evidentthat
ICRMA approacheseptimumaverageperformancel CRMA differsthemostfrom
theoptimumMA C protocolwhentheaverageransmissiomueuesizeis smalland
requestdor additionto the queue(RTSs)accumulatén contentionperiods. For
the caseof a high-speedetworkwith small packetsthis occurswhend is in the
neighborhod of 0.1,andevenin this casdCRMA exhibitsanaveragethroughput
within 5% of theoptimum.WhendatapacketsaremuchlargerthanRTSandCTS,
ICRMA is within 1% of theoptimum.

V1. CONCLUSIONS

We have describecandanalyzed CRMA, a new stablemultiple accesgproto-
colfor broadcasthannelsharedy burstystationsICRMA dynamicallydivides
thechannelinto cyclesof variablelength;eachcycle consistof a contentionpe-
riod andatransmission-queueeriod. During the contentiorperiod,a stationwith
oneor more packetso sendcompetedor theright to be addedto the transmis-
siongroup;thisis doneusinga collision-resolution-splittinglgorithmbasedn a
request-to-send/cledn-sendRTS/CTS)exchangevith carriersensing.

Our analysiswaslimited to fully connectedhetworksusinga single channel,
andwe have alsosuggeste@dnapproactio applyICRMA to WLANSs with hidden
terminals.Our analysisshovs thatlCRMA provideshigh throughputwheneither
a smallor a large numberof stationsneedto accesghe channel. Allowing the



maximumsize of the datatransmissiorgueueto equalthe numberof stationsin
the system|CRMA becomed DMA in effect whenall stationsneedto transmit.
ICRMA is muchmore efficient than DQRAR which is a representatie of prior
efficient protocolsbasedn collisionresolution.Furthermorewe have showvn that
ICRMA exhibitsnearoptimumperformanceln additionto its efficiency, ICRMA
is attractve, becauset canoperatewith no needfor time slotting asprior MAC
protocolsbasedn collision resolutiondo.

APPENDIX

Proof of Theorem 1: Theinitial valuesfor Z andC up to n = 4 aregiven
in Tablel, eachsatisfyingEqg. (1). Regardlessf thevalueof n, Z(n,0) = 1,
E(n7 1)=0 andE(n,n) =0.

ZA1,0=1 Z(3,2)= 1 < 0.886][C(1,0)=0 C(32)=1 <1886
2(1,1)=0 2(3,3)=0<1.299 || c(1,1)=0 c(33)=2
2(2,0=1 2(4,0)=1 C(2,0)=0 C(4,00=0
2(21)=0 2(4,1)=0 c(2,1)=0 C(4,1)=0

2(2,2)=0< 0.886| 2(4,2)= 1 < 0.886||C(2,2)=1< 1.886|C(4,2)= 4 < 1.886

2(3,0)=1 2(4,3)=0<1.299 || ¢(3,0)=0 C(4,3)=2< 3.329
2(3,1)=0 2(4,4)=0< 1732 || ¢(3,1)=0 C(4,4)=3< 4772
TABLE |

INITIAL CONDITIONSFOR THE AVERAGE NUMBER OF STEPS

Now we assumehat,for all 4 < n < « andall 2 < m < v, theconditions

Z(a,m) < 0.443m aresatisfied,andwe shav that the conditionholdsfor all

Z(n,m). Therearethreecasedo considerin Eq. (1) basedon the summation
indices.

Casel: m < e andm < B: Thenu = 0 while v = m. Therefore,

Znm) z:‘: <m?:’2)<f)

Extractingthe first two andthe last two elementsrom the summation(i.e., the

elementswith s = 0,1, m — 1, m) andnotingthat Z(«, 1) = Z(8,1) = 0, and
Z(a,0) = 2(53,0) = 1, weobtain

- = (2D ()

Z(n,m) =

[Z2(a,m—i)+ 2 (B,1)] 17

0D+ 2(B,m)] 18

19)

Foranybinomialcoeficient, () = 2=k+1 (k" ) Therefore noticingthatthe

(7) = 2= (0

sumfrom Eq. (19) equalsone,we have

_ —0.443 1—m (e
Z(n,m) < 0.443m4 & mp+1=m (n%1) +

" ()
B —0.443ma+1—-m (mﬂ—l)

" ()

(20

Forthe equationZ (n, m) < 0.443m to betrue, the lasttwo termsin Eq. (20)
mustbe zeroor negatve. If n is even,thena = 8 and

a

(2 - 0.886m)a+ (2 — 2m) (m—l)
" (x)

Becausen > 3, a(2 — 0.886m) + (2 — 2m) < 0; therefore,Z(n,m) <
0.443m. If n isodd,then = o — 1; accordinglywe have

Z(n,m) < 0.443m +

(1)

Zinm) < 0.43m 4 ST 0:449m) +1-0557m (1)
ym) < ) =

+

(22)

Becausen > 3,a(1-0.443m)+1-0.557m < 0anda(1-0.443m)—m < 0;

therefore our assumptiorthat?(n,m) < 0.443m is correctfor any n andany
m > 1.

Case2: m < aandm > §: Theny = 0 while v = 3 andrn canonly beodd.
Furthermore,a = m and = m — 1, whilen = 2m — 1. Extractingthefirst
termin thesummatiorin Eq. (1) we obtain

ld a B a) (B
Z(n,m) =ZM[Z(a,m—i)+zw,i)l+ % (23)

where several terms have been eliminated since they equal zero. Because
Z(m,m —1) < 0.443(m — 1) andZ(m — 1,7) < 0.443¢, we obtain
B o B o B
Z(n,m) < Z % [0.443(m — i) + 0.443i] + % = 0.443m
i=1 m m
(24)

We concludethatour assumptiorg (n, m) < 0.443m is correctfor anyn andall
m > 1.

Cae3 m > aandm > B: Theny = m — o while v = 8. Onceagain,
we extractandevaluatethelastmemberof the summatiorin Eq. (1) aswell asset
Z(a,m — i) < 0.443(m — i) andZ(3,:) < 0.443:. Thereforewe obtain

z (+25) (2)

Z(n,m) = 0.443m — 0.4438
(n)

We concludethatour assumptiorg (n, m) < 0.443m is correctfor anyn andall
m > 1. Thereforefor all m > 2 andanyvalueof n, Z(n,m) < 0.443m. 0
Proof of Theorem 2: Accordingto Eq. (1), theC(n, m) canbeexpresseds

< 0.443m (25)

v a B
E(n,m):ZM[C(Q,WL—Z’)-}-C(,&Z’)-}-I] (26)

(x)

i=p

Casel: m < aandm < 3: Theny = 0 while v = m. Let usseparatehefirst
two andthelasttwo termsfrom the summatiorandevaluatethem,our expression
becomes



Following the procedurentroducedn the proof of Theoreml, we cansubstitute
C (8,7) andC («, 1) by 1.4437 — 1. We thenproceedo collectthe missingterms
from the summatiorandarrive at thefollowing expression:

o () b))

1.443m — 1 + —— — 1.443p3
(%)

(n)

(28)

Which canbe simplified usingthe binomial coeficient identity introducedin the
proofof Theoreml to

E(n,m) < 1.443m -1+ o—1443mpB+1-m (ma_l)
‘ " )

B —1.443ma+1—m (mﬂ—l)

m (n)

(29)

Assumethatr is even,thena = 3 = 2 and

E(mm) < g 1y gl = 1443m) 4+ (1= m) (20)

m

< 1.443m — 1 (30)

m

Ontheotherhand,if » is odd,then3 = o — 1, and

Cnm) < tatgm 1y S0 LA E o m) (Z))

ol —1.443m) —m (mﬂ—l)
" ()

ThereforeC(n, m) < 1.443m — 1 for anyn andall m > 1.

+

< 1.443m —1 (31)

Case2: m < aandm > j3: Theny = 0 while v = 3 andn canonly beodd.
Furthermore,. = m andf = m — 1, whilen = 2m — 1. Substitutingall this
in Eq. (1), we obtain

8—1

C(n,m) = ZM[C(a,m—i)+C(ﬁ,i)+l]+

[C(a,m = B)+ 5] (32

From our inductionassumptionfor all « and 3 < n, C (a,7) < 1.443; — 1,

C(8,7) < 1.443; — 1, andfrom the binomial coeficient propertyintroducedin
theproof of Theoreml, we cansimplify theaboveequatiorto obtain

(n25)
(n)

(33)

C(n,m) < 1.443m—1+ a—044364+1-m (ma_1)
" (=)

— 1.4438

Becausen < o andm > 3, n canonly beoddanda = m, while 3 = o — 1.
Accordingly, we have

Cln,m) < 1.443m—14 223 _m0'443m <7<nz)1)

1.443m — 1 (34)

IN

We concludethat,for anyn andall m > 1, C(n, m) < 1.443m — 1 is correct.

Case3: m > aandm > 3: Theny = m — o whilerv = 3. ThereforeEq. (1)
canbewrittenas,

() ()

B
C(n,m) = E W[c(a,m—z')Jrc(ﬁ,i)+1] (35)

i

Noticethattermswith : = 0 donotappeain theequation.Thesmallestvaluefor
1is 1. Becaus& (3,1) = C(«,1) = 0, itistruethatC (8,1) = C(a,1) <
1.443m — 1; therefore,

C(n,m) < i Mu443(m—z’)—1+1443z’—1+1]+
o () |

25) (3)

SR 1.443m — 1.4438 — 1 + 6]

(n)
(n)

1.433m — 1 — 0.44383
m

< 1.443m —1 (36)

We concludethatC(n, m) < 1.443m — 1 is correctfor anyn andall m > 1 for
all thecasesO
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